[MAA 5.20] INTEGRATION BY PARTS
SOLUTIONS
Compiled by: Christos Nikolaidis

0. Practice questions

1.  We apply the formula Juv'dx =uv— Iu'vdx
I = j 2xe"dr =2xe" — j 2e'dx = 2xe" —2e" +c=(2x—2)e" +c¢

u=2x — u'=2
v =¢" - vy=¢

For the remaining integrals we apply the method directly (without mentioning u and V')

1, =.[2xcosxdx=2xsinx—stinxdx=2xsinx+2005x+c

1 =J2xsinxdx=—2xcosx+J2cosxdx=—2xcosx+2sinx+c

2
1, =J.2xlnxdx=x2 lnx—J.ledxzx2 lnx—J.xdxzx2 Inx—"—+c
X 2

2. 11=j(3x2+4x+1)cosxdx=(3x2+4x+1)sinx—j(6x+4)sinxdx

=(3x" +4x+1)sinx — [—(6x+ 4)cos x + J6cos xdx}

=(3x" +4x+1)sinx + (6x+4)cosx —6sin x + ¢

(z (3x° +4x—5)sinx+(6x+4)cosx+c)
I, =j(3x2 +4x+1)Inxdx = (x° +2x° +x)1nx—j(x3 +2x7 +x)%dx

=(x’ +2x° +x)lnx—J.(x2 +2x+1)dx
2
=(x +2x2+x)lnx—x?—x2—x+c

3. METHOD A

er

er
2sin2xdx =
2

> cos2x+J.e

2x
2

I= je” cos 2xdx = cos2x + I e** sin 2xdx

2x 2x

© cos2x + ©
2 2

sin2x— '[ e™* cos 2xdx}

2x er
= cos2x + sin2x—1
e e e™*(cos 2x +sin 2x)
=2[= cos2x + sin2x= [ = 2 +c
METHOD B We start with
I= je” cos 2xdx = e** % —_[ezx sin2xdx = ... and find the same result.



Let 1, =Jx"e’“dx.
(a) I, =Iexdx=ex +c

(b) I, =x"e" - n.[ x"letdx
=1, =x"e" —-nl_,
() I,=xe"—e"+c=(x-1e" +c,

I, =xe¢" =2(xe" —e")+c=(x"—2x+2)e" +c

I,=x"¢" -3(x=2x+2)e" +c=(x’ =3x" +6x—6)e" +c

(@ (i) 2sin’x+c
(i) —2cos’x+c

(i) 1 =j2sin2xdx = —Cos2x+c

@iv) I=J4sinxcosxdx=4sinxsinx—j4cosxsinxdx =4sin*x—1
21 =4sin’ x = I =2sin’* x+c¢

(b) The results may look different but, in fact, they differ by a constant (incorporated in c).

METHOD A
j(sx +2)e"dx = (3x+2)e" — j 3e*dx

=Bx+2)e" -3¢ +c=CBx—-1e" +c
I=[Gx-De"], =(2e)~(-1) =2e+1
METHOD B

j(3x+ 2)e'dr =[ (3x+2)e’ ], —jse*dx

0 0
=5e-2-[3e"], =5e-2-(3e-3)
=2e+1

A. Exam style questions (SHORT)

7.

For [0 cos0do
u=20 du=do
dv=cos&dfd v =sind

[6cos0dO = Osind—[sinfdO = Osind + cos +c

2

Therefore,  J(Ocos@— G)dO= Osind + cosd— % +c

1

1 1 1 1
LSNP 1nx—2jx2 L dy= 2x2 1nx—2jidx = 2x2Inx—4x2 +C
x Jx

s



Ie" cosxdr=¢' cus.r+lc' sin xdx
=g'cosx+e” sin.\-—jt' cosxdx

.‘_'_[e‘ cosxdr = ¢'(cosx+sinx)+e

> -3 :
Ic cosxdr = 7(cos.1-+s1n x)+k

10.
METHOD 1

Ic‘* sinxdyv=—e" cosx+ Zj e cosxdy
=M cosx+ Z‘c:‘ sin .T—Ej.eh sin.tdx}
=—e" cosx+2e™ sin .!.'—4-[&:‘ sinxdy

— SIE'T sinxdr=e""(2siInx —cosx)
pE

p SO (=4 R
Ie"sm xdv= ?LE sinx—cosx)+C

METHOD 2

. | B I
Ie“ sinxdx = ;e“ sm.\:—;je“ cosxdx
f s R oz
=—g smx——IE' COS.I——J-&' sinxdx
2 4 4

&

G b s L 4
= —J‘t'.‘_ SII'I.\'d_Y:—-E_ SIN XY —=—g  COSX
4 2 4

g

Ic"‘ sin x dy =T{351n x—cosx)+C

1
11. (@ f'(x)=Inx+x—-1=Inx
X
(k)  Using integration by parts
j{ln.rfdr:{ln.rf- x—j.‘rv Etln:r]ld,'r
x
= x(lnx) —Ej[h.r)dr

=x{lnxy¥-2(xInx-x)}+C

[=.rl|n.!.‘J" —2xlnx+2x+ C]

X

dx
1+ x?

12. Iarctan xdx = xarctan x — I

2x
2

1
=xarctanx——j
291+x

dx =xarctanx—%ln(l+x2)+c

2
13. I2xarctanxdx=x2 arctanx—_[ -
1+x
2 1+.x2_1 2
=x arctanx—fl—zdxzx arctan x — x +arctan x + ¢
+x



2

j—dx [+ e dr=2 +jxe *dx

2 2x 2
x‘e xe 1¢ _
= + +—Ie >dx
-2 -2 2
x26—2x xe—2x e—2x
= + ———+c
-2 -2 4

X
15. (@) [x*Inxdc= {?lnx} —j——dx
3

X 3
= —Ilnx——+c
3 9

2 8 7
b XInxde = =In2-—-
b [ Jn2-g

With GDC, directly = 1.07

16. Integration by parts
6 ¢ 6
I x° In xdx =[x—lnx} - j x—ldx
1 6 oo

6 ¢ 5 6 ¢ 67]¢
= Zmx| - [Tde=|Zmx| - |2
6 .6 6 . 136,
() e 1 [_5e'+]
6 ) 36 36 36

cos2x cos2x xcos2x sin2x
+ I dx =- +

17. I xsin2xdx = —x

2 2 2 4
Hence
F sin2udy = sin2x  xcos2x |6 _ ﬁ_l
0 4 2 |, U8 24

18.
J arcsinxdx = xarcsinx j
J1-2*
= garcsing — () -{u‘l -x |
s Al¥
=aarcsing ++/1 —a® —1



B. Exam style questions (LONG)

19. (a) Integration by parts

n+l
X

I, =J‘x” In xdx =

n+l n+l

nx-— +c
n+l (n+1)°

(b) Integration by substitution ©# =In x

J z“‘(lnx)”dx:(lnx)””Jrc
" X n+l

© @ J.\/;lnxdlemzgxmlnx—gxm+c

(i) [~ 1;”“

dx=1J,, = %(lnx)g’/2 +c

2 -1 -1 3
(iii) J. 1n—er(lnx) dv=1,+J, = > lnx—— +(lnx) +c
x’ x S| (1) 3

Inx 1 (Inx)
=— ——+ +c
X X 3

20. (a) A, = |sinxdx =—cosx+c¢ and Bozjcosxdx=sinx+c
(b) A4, = Ix” sin xdx = —x" cosx + nI x"" cosxdx =—x" cosx+nB,
(c) B = Ix” cos xdx = x" sinx + nI X" sinxdx = x"sinx+n4,

(d (@) A4,=-x"cosx+nB

n-1

=-x"cosx+n[x""sinx+(n—-1)4,_,]
=—x"cosx+nx""'sinx+n(n—-1)4, ,
.. oa
(i) B, =x"sinx+n4,_,
=x"sinx+n[-x"" cosx+(n—-1)B, ,]
=x"sinx—nx"" cosx+n(n—1)B, ,
(e) A =—-xcosx+sinx+c,

A, =—x" cosx+2xsinx+24,

=—x’cosx+2xsinx—2cosx+c
A, =-x"cosx+3x*sinx+64,

=—x’cosx+3x*sinx+6[—xcosx+sinx]+c

=—x’cos x+3x%sinx—6xcos x+6sinx+c¢



21. (a) [, :jdx: x+cand [, = Isinxdx =—Ccosx+c
b I, = J.sin”‘1 xsinxdx = —sin"" xcosx + (n— 1)I sin"? x cos” xdx
=—sin"" xcosx+(n— I)I sin" x(1—sin* x)dx
=—sin""' xcosx+(n—-1I,_,—(n-1I,

_ s n—1
= nl =-sin" xcosx+(n-1)1, ,

1. . n—1
Hence, I, =——sin"" xcosx+ I,
n n
. 1 1. X
() I, =——sinxcosx+—/,=——8Inxcosx+—+c¢
2 2 2
. 2 1., 2
[, =——sin“xcosx+—1, =——sin“ xcoSx——CoOSXx+cC
3 37703

.3 1.5 3. 3x
I, =——sin" xcosx+—1,=——sin" xCOSXx——SINnxCOS X +—+¢
4 4 4

- 4 1., 4 ., 8
I, =——sin"xcosx+—1, =——sin" xcosx——sin” xcOSX ——COS X +¢
5 5 5 15 15

— [ win2 _l-cos2x . x sin2x
(d) Iz—Jlsm xdx_Ide_E_ ;
I4:J.Sin4de:J.(ﬂj deJ.l 2c0s2x + cos 2xdx
2 4

x sin2x x sin4x 3x sin2x N sin4x

4 4 8 32 8 4 32
du

sin x

(e) u:cosx:%:—sinx:dx:—
dx
3
— [sin® xdx = —[<in? vdu = [ (12 — _u L OIS
Is—J.sm xdx = J.sm xdu—J.(u l)du—3 u+c-3cosx cosx+c

I :J.sin5 xdx:—Isin4 xdu :—I(l—uz)zdu :—J.(u4 —2u? +1)du
u’ w | R 2,
=——+2——u+c=——c0S X+—C0S X—COSX+C
5 3 5 3



