[MAA 5.11] DEFINITE INTEGRALS — AREAS
SOLUTIONS
Compiled by: Christos Nikolaidis

DEFINITE INTEGRALS — PROPERTIES

0. Practice questions
1.
1 e 7
jo(zx+3)dx =4 L =7
%) _ U 2ws e’ —é’
.[1 (2x +3)dx 6 IO e dx 5
2 4 1
[ @x+3)ax =10 [, — = In5
[ @x+3)x =12 [ xax =50
j; (e" +2)dx = e+l ;05dx =50
J: (sinx+cosx)dx |=2 io dx =6
2. (a) f'(x) =Inx (b) 3In3-2
3.
[[3/ Gy 24
[ reoax 2
j; (f(x)+ Ddx 10
j; (f(x) + x)dx 20
[[1r@-4g@ax |0
jj F(x)dx — jf fde |8
3j: F(x)dx + j673 fx)dx | 24
[/ (c=3)ar 8
[ r@xdx 4
1 1
4. (a) jmdx=§1n(2x+3)+c

3

O [5ide] 3nee) -

1
02x+3 0o 2
Thus P=3

© %ln(2m+3)—%ln3 =1< In2m+3)-n3=2

1 1
In9——1In3= —In3= In+/3
2 2 \/_

2m+3 2m+3 3¢’ -3
=2 &

< =’ 2m+3=3"om=




A. Exam style questions (SHORT)

k

j L de=[In(x=2)Ji=In (k- 2)  Inl

3x—2

Ink-2)-Inl=In7= k-2=7,thus k=9

X k
6 | PR IS S VD O
1 x? 2 x|l 2

k— %:%321{2—31{—2:0 = (2k+1)k-2)=0

b4

k=2since k>1

7. j cos” x dx =0.740 = a=1.047 (using a graphic display calculator)
0

8. (1) %xm—s
(b) fg(x)dx+f4dx=1o+[4x]f = 10+8=18

9. (@ @) 16
(i) j;f(x)dx+[;2dx ~14

(b) j:’ f(x-2)dx=8
c=2,d=5
10. (@ 10
b)  ['3x 4 s(x)dv=[ 3t [ f(x)ds

[axtae=[*] =27-1 =26
1 1
Thus 35+ /(x)dv=26+5 =31
@ (/0 00)= W +g() (= /@) +g@) =T+4 =11

3
1

) [ (g0 +6)dr=[g0] +[6x] =(g3)-gM)+(18-6) (=2-D+12) =13
2. (a) Lssf(x)dx=3j15f(x)dx=12
Thus [/ (x)dx= 4
Since. [/ (x)dv=-[" £ (x)dr, [ f(x)dr=-4
0) 1= [ (vt £ (v [ (e 1 ()dv=[ (e £ ()
[Pxdes [ £ ()ax
[ee] 55

I=4+12=16



AREAS

0. Practice questions
Ll 3z 3z
13. (@ (@) .[02 cosxdx =1, "(ii) Iﬂz cos xdx = —2 "(iii) .[02 cosxdx =—1
2
b @1 @Gi)2" ()3
4. (a) ?(\/E ~1)=4.42
(b) 10.7
15.
Region enclosed by Expression for the area Area
2
f(x)=cos(x”) and g(x)=¢", IO cosx? —e* dx 0.282
for -1.5<x<0.5. 111
y=sinx and y:x2—2x+15 L7010 . 2
= j (sinx — (x? = 2x +1.5)) dx 0.271
for 0<x<m. 0.6617
_ _ X 1
y=Inx and y=¢" —e, j (In x —e* +e)dx 0.201
for x> 0. 0.233
2 x/3 x
y= > and y=¢"'", 0.74757 23 _
I+ J.-1A5247 1+ x2 e |dr 122
for -3 <x<3.
42 272
J(x)=4-x"and I (4—x" —(x+1)cos x)dx 9.41
g(x)=(x+1)cosx —1.92
x 1.278
y=e -x+l [ (e —x+Dax 118
and the coordinate axes )
sin x . 3n| -
: - sin x
fixe . , and x -axis J‘ dx 0.690
for t<x<3m X
3 2
y=x —3x"-9x+27 4
—y,|dx 101.75
and the line y =x+3 J13|y1 y2|

A. Exam style questions (SHORT)

16.

17.

18.

(@  f'(x)=3cos(x+2)

® [ f()dr= j(1+3sin(x+2))dx —x—3cos(x+2)+c

(©) (i) 1+3sin(x+2)=0,
(ii) 3.06

(@  [1247 (1 -2
0

3
X

1
(b) 12j(x2 —x) de= 12{———
0

3

3n 3n

Area = J.O7 sinxdx = [—cos x] 07 =

Required value of a=1.48

1
} =12(1—1J=1
. 3 4

—COS3—TEJ —(—cos O)=—(— QJ -H=1+ Q
4 2 2




19. (@ p=3

SIE]

T

(b) Area= j3cos xdx = [3sin x]; = 3 square units
0

20 (1)) 2x+In(x—-1)+c
(i) A= j4 f(x)dx=j4[2 + Ljdx — [2x+In(x D]} = (8 +1n3)— (4 +In1) = 4+ In3
2 2 x—1

21. (a)
y\
4 Th
/o)
2 —
/}/ 3{_[}
1
0 05 1 15 2

(b) A= _E g(x)— f{x) dv (using an appropriate definite integral}

a=0.50546.., b=1.227..
A=0.201

22. (a x=1,x=m
(b)  Attempting to find the area of two regions
B= L:‘sin.'rlnxdr +j i ‘sinxnxdr

=—(0.09310...+0.07736...)
B=0.1704...

A= L“sin xlnxdy =0.8809...

0.8809 = k=0.1704
k=511

23.

Lk :{'[L'+.t—.tll—tl—3rfﬁ'+-"l}]'d"

- I., (4x—2x")dx or equivalent

(3

2. X*=2d"-xo2r=2dox=d"x=*a
a

[@a* -5 —x*)dx= 2]0'(2612 —2x%)dx = 4j(a2 —x*)dx

—a

3714 3 3
=4 azx—x— =4 a3—a— =8i
3 3) 3



25.

26.

27.

28.

29.

30.

31.

32,

33.

k
Area = IO sin 2xdx = 0.85

k
Iksin 2xdx = |:_—10082x:| = _—10052k+0.5
0 2 0 2

Equation %lcos 2k+0.5 =0.85( < cos2k=-0.7)
THEN k=1.17
OR directly by using SolveN : jok sin 2xdx = 0.85 = k=1.17

‘=22 [Inx)f =25 Ina=2=a=¢

1 x

(@ 231
() () 1.02 (i) 2.59

q
© j f(x)dx =9.96
p
split into two regions, make the area below the x-axis positive
(@) cosx+sinx=0=cosx=- sinx= tanx=-1

_3n
4

X

3n

(b) Required area = J.OT e” (cos x + sin x) dx = 7.46 sq units
(@ = (G149
® @) jo e sin xdx

(i) Area=12.1

3(x* =D —=(3x) 2x) _ =3x*+3+6x° _ 3x°+3 _ 3(x’+])

@ () /" @)=—

(x* -1)? (x*=1)? (x*=D*  (*-1)°
a e 3x 43 3x [ 3a
(b) Area= X)dx="| ——dx = =—
Iog( ) J.0()c2—1)2 R A a’ -1
Area=2 < — Ea =202 +3a-2=0 a=% a=—2 (rejected)
at—
@2 2 2 1, ‘4,
Areaunderparabola=2L(a —-x7)dx=2|a x—gx = ga
0

. . . 2
Since PQ = 2a, the dimensions of the rectangle are 2a x 3 a.

(a) AtA, x=0.753, AtB, x=2.45
2.45
(b)  Area jm ydx =1.78
(@ f)=0ca=-1.73,b=1.73 (a=—3,b=4/3)
(b) EITHER setting f'(x) = 0, OR directly by GDC ¢ =1.15
(c) finding 2 areas
B jO f( )dx + jl.l49..f( )dx
FE A 0 *

area = 2.07 (accept 2.06)



B. Exam style questions (LONG)

dy 1
34. a =lhx=> —=—
(@ vy o

when x = e,

o | =

tangent line: y— 1 = [lj(x—e) = y=
e

x=0:>y=9 =0 Thud (0, 0) is on line
e

(b) %(xlnx—x)=(l)><lnx+xx(éj—l=lnx

(¢)  Area = area of triangle — area under curve

- Gxexlj—flnxdx: %—[xlnx—x]f= % —{(elne — 1 In1) - (e — 1)}

1
—{e-0-e+1}=—e—1.
{ =3

oo

35. (@ f(1)=2
S =4x, f'(1)=4
T y-2=4(x-1) =>y=4x-2
b)) 4x-2=0< x=%
(c) METHOD 1 (using only integrals)

. _ 0.5 2 1 ~ ~
(1 Area—J:) 2x dx+_.:)‘5f(x) (4x 2)dx
3
(ii) jzxzdxz%, (4x —2)dr =2x% - 2x
Area=i+g—2+2_[i_l+1j:
12 3 2

12
METHOD 2 (using integral and triangle)

1
6

(1) Area= E £(x)dx— area of triangle = E £(x)dx —%
(ii) J.2x dx = 3
Area = 2 1.1
3 2 6
’ — 1 ’ — l
36. (a) [f'(%) e S®=7

gradient of normal = —4
normal; y—2=-4(x—4) =y=-4x+18

(b) 4x+18=0:>x=£[:2j
4 2

4 45 4
(c) areaofR= L Jxdx+ L(—4x +18)dr, OR jo xdx + % x0.5% 2 (triangle)

3 3
(d R= 2, vos=24 .1 16,135
3 3 2 3 2 6



37. (a) (i) intersection pointsx =3.77,x = 8.30
[ (=] £ (x)dx= (- 4c0s (0.5 x)+2)~(1n (3x-2)+1))dx

3.77

(i) A=6.46
. (N 3
® O =5

(i) g'(x)=2sin (0.5x)

© f=g
x=143,x=6.10

38. (a) y=3c(xf4)2
i) y=0sx=0orx=4

(ii) % =1 =4 +x x 2(x —4) = (x — 4)(x — 4 + 2x) = (x — 4)(3x — 4)

Q:03x=4orx=i
dx 3
dy
x=1=—=(=3)(-1)=3>0
(iix = — 1S a maximum
y
x=2=>—=(-2)2)=-4<0
i (=2)(2)

Note: A second derivative test may be used

4 256 4 256
_x=—:>y:—ThllS T
3 27 327

2
(iii) jx—f = %((x ~4)(3x—4))= % (3% — 16x+ 16) = 6x — 16
2
jx—f =0<:>6x—16=0<:>x=§
(b)
Ay
/ max pt.
10+
pt. of inflexion
| 'd
0 t t t } >
0 4\1 2 /" 3 4 x
x—intercepts

(¢) (i)  See diagram above
(i) 0<y<l10forO0<x<4

So j:oax<j04ydx<j:10dx:>0<j:ydx<4o



39. (a)

Y
3 .
21 (1.25,1.73)
" (2.3,0)
" 1 L L L / l. )
=3 /'\2 -1 1 2 3 x
(-2.3,0)
1 .
(~1.25,-1.73) 5|
(b) x=231
x2
(c) I(nsinx —x)dx=-mcosx —7+ C
1
Required area = jo(n sin x — x)dx= 0.944
40.  (a)(D)&(c)(i)

—

-

(i)  Approximate positions are
positive x-intercept (1.57,0), max point (1.1,0.55), end points (0, 0) and (2,-1.66)

(b) x’cosx=0 x¢0:>cosx=0:>x=§

. . /2 2
(c) (1) seegraph (i1) J‘O x° cos x dx
(d) Integral =0.467 by GDC OR

2
Integral = [x2 sinx + 2xcos x — 2sin x]g/z = [% O+ 2(%)(0) - 2(1)} —-[0+0-0]

g ~ 2 (exact) or 0.467 (3 s.f)



41.

42,

43.

(@

(b)

©
(d)

©)

(@
(b)

©

(d)
(@

(b)

yAL
4 — 0.5<x<1 MAXIMUM
¢ D3 5<<4 POINT
3 pu—
2 —
integers}
1— on axis
I I I m | x
1 2 3 5

[

4
7 is a solution if and only if © + 7t cosm = 0.
Nown+mcost=n+mn(-1)=0

x=3.6967229... =3.69672 (6s.f.)
See graph: J‘On(n + x cos x)dx

ﬁﬁ+xam@¢x=1&@au6&m

a=-3,b=5
() f'(x)=-3x"+4x+15

B +4x+15=0 x:—g orx=3

(i) x=3=f(3)= —27+18+45=36

(1) Atx=0,1'(0)=15
Line through (0, 0) of gradient 15 = y=15x

() —C+28+15x=15v o +2%=0 ¥ (x-2)=0<x=2
OR by GDC x=2
Area=115 (3 s.f)

(1)  f'(x)= cosx (2sin x cos x) — sin x (sin x)2 = sin x{2 cos’ x — sin’ x}
(i) f'(x)=0=sinx{2 cos’ x — sin’ x}=0=> sinx{300s2x -1}=0

=3cos’x—1=0=>cosx==+ (%]

At A, fix) > 0, hence cos x = (%)

(iii) f(x)=(sinx)2cosx=(1—coszx)cosx=(l—%j%=% (=§\/§)

=
I
| a



44.

45.

© @O J.(cos x)(sin x)2dx:§sin3 X+c

(i) Area= L’“ (cosx)(sin x)? dx = % {(sin g} —(sin0)? } =

W | —

O (G  f'(x)=2sinxcos’ x—sin’ x
f"(x)=2cosxcos” x +2sin x(—2 cos xsin x) —3sin’ x cos x
=2co0s’ x—4cosxsin® x —3sin® xcos x
=2c0s’ x—7cosxsin’ x = 2cos’ x — 7 cos x(1 —cos” x)
=9(cosx)’ —7cosx
(i) AtCf"(x)=0 < 9cos® x — 7 cos x = 0<> cos x(9cos” x — 7) = 0

:>x=§(reject)0r coszng
J7
COSX =—~—
3
1
L T I L L Y U B S | i
@ [e dx{—ke l—%(e S s CRR R (R
®) k=05
(i)
v
~ oD

(i)  Shading (see graph)
1
(i) Area= Io e Mdx= %(l —¢”) OR Area=0.787 (3 s.f)

© @ % e

(i) x=1 y=08 =08=e *=1I08=—k=k=—1n038(=0.223)
(i) Atx =1 Y _osmos OR d—y=—O.178(or—O.179)
dx dx

@ @ f'(x)=—§x+1

f'(2) =— 2, gradient of the normal [%)

1 1
—3=—(x-2) |ory=—x+2
y 2( )[ y=> j

(ii) —%xz +x+4:%x+2<:> 3 —2x-8=0x= —g (=-1.33)

2
23 1, 1
b i — =X x4 |dy,| - =X =X +4x
® 0 Il[ 4 j {4 2 L
3 45
(i) Area= 7(:1 1.25) (accept 11.3)

10



46. (a3 AtA,x=0 = y=sin(c’)=sin(1)= coordinates of A = (0,0.841)
(b) sin(e)=0 = ¢'=n= x=Inn (ork=n)
(c) (i) Maximum value of sin function = 1

.. dy .
(i1) & e cos (e)

%: 0 = e"cos (") =0 = ¢" = 0 (impossible) or cos (¢") =0
X T T
=g == = x=Iln =
2 2

Inn
@) (Area= [ sin(e” i = 0.90585 = 0.906 (3 s.£.)

47. (@ () [f'()=-2e*
(i)  f'(x) is always negative
1

b @ y=l+te 2=1l+e

i) s (— %] — e 2=-2e

(c) y(l+e)=2e(x+%)
y="2ex+1(y=-544x+1)

(d) , N .
(1) (i) (iit)

1

2

0
(iv) Area= ﬁ[(l +e ) — (2ex)dx= ﬁ[(e** +2ex)dx = {—%e-zx + exz}
2 2 -

=0.1795...=0.180 (3 s.f.)
OR directly by GDC Area=0.180



48.

49.

50.

(@
(b)

(©)

(@
(b)

©

(d)

(@

(b)
©

(d)

a=1-n b=1l+=x

(1)
(i)
(1)

(i)

I_lmh(x)dx—jfh(x)dx OR j;_Mh(x)dH“fh(x)dx‘

5.141...— (~0.1585...) =5.30

y=0973 (i) -0.240<k <0.973

flx)y==x+2 (i) f'(0)=2

y-intercept : Atx=0,y= 2.5

Gradient of tangent = f'(0) = 2 = gradient of normal = % (=-0.5)

the normalis y—-2.5=-05(x-0)< (y=-0.5x+2.5

(1)

(i)

(ii)

EITHER solving —0.5¢%+2x+2.5=-05x+25< x=0 or x=5
OR

yAk

g(x)

o 4

Curves intersectat x=0,x =15
Curve and normal intersect whenx =0 or x=35
Other point is when x =5 = y=-0.5(5) + 2.5 = 0 (so other point (5, 0)
5 5 2 1
Area = jo (f(x) - g(x))dx = jo (0537 +2x + 2.5)dx ~ 3 x5x 2.5
(the second integral is the area of triangle)
50 25
Al==-,4, ===
3777 4

_50_25_125
Area SRR (or 10.4 (3s.f)

intersection points at x =—1 and x = 1
! X 2
Le (1—x")dx
£(0)=1. Thus P(0,1)
f7(0) =1, gradient of the normal = -1

y—l=-lx-0)=y-l=xy=-x+tlox+ty=1

(i)

(i)

intersection points at x =0 and x = 1

[[ler0-x*)-(-x)dx OR [ f(x)ax~ (1-x)ax

areaR=0.5

12



5. (a)

(b)

©
(d)

52. (a)

©

(d)

14
P
R

Q) ) =2+ Q2x+ (¥ =(1-2x)e™
() AtQ,f'(x)=0
x=05y=2"  Qis(0.5,2¢ ")

1<k<2¢??

AtR, y=7¢7 (=0.34850...)
7e -1

Gradient of (PR) is (=-0.2172)

7e3 -1
3

Equation of (PR) isy=( jx+1 OR y=—0.2172x+1:

7e7 -1

3
Shaded area is IO ((2x+1)eX - ( x+l]]dx— 0.529

]

(1)  (2,0) (acceptx=2)

(i) period=8

(i) amplitude =5

(1) (2,0),(8,0) (acceptx=2,x=18)
(i)  x =5 (must be an equation)

intersect when x =2 and x = 6.79

6.79
area = L ((—O.sz +5x—-8— (5 cos%x]] =27.6

13



53.

54.

5S.

(@

(b)

©

(@

(b)

(@)
(b)

©

(i)  (Vertical asymptote) x=2, (Horizontal asymptote) y =3

i) 3x+tlnEx-2)+C
(i) [Br+in(x-2)F=(15+I3)-©+Inl)=6+In3
See graph
. . 5
limitsx=0,x=35, area=IOf(x)dx =521
. a LDC2 x3 ‘ a3 a3
areais | x(a—x =|— = — -
Io (a=x)x { 2 3|, 2 3
(13 03
Z L =Rle dd=6x521a=679
2 3
a(—x) —ax
Si=x) = = =—x)
(x)*+1  x?+1
") =0< 2ax(x*-3)=0< x=0o0r x*=3

4

MEE e

7

. a 2 a a
i area=|—In(x“+1)| = —=(In50-1In10) = —1In5
(1) [2 (x )l 2( ) 3

(i) METHOD 1
8 7
the shift does not change the area: J.4 f(x—Ddx = L f(x)dx, % In5

the factor of 2 doubles the arca: jjz F(e—Tydx =2 jf e—Tydx (: 2 J:f(x)dxj

fzf(x—l)dx —4ln5

METHOD 2

changing variable: letw=x—1, so % =1

Integral = 2 j £ (w)dw = 2—2"‘111(w2 +1)+c
Limits: when x=4 = w=3, whenx=8 =>w=17,

8
J.42f(x—l)dx = [aln(w2 +1)]Z,=aln50—aln10 =aln5

14



56.

57.

58.

(@

(b)

(@

(b)

©

(d)

(®)

(@
(b)

©

(d)

Y=Y, _ f(@-0_ a’-0 _ a’
T h a—g | a—E a—g

3 3 3

(i) gradient=

(i) f'(x)=3x% f'(a)=3d*

3
(1i1) 3a* = a—2<:> 3a2[a—§) =’ 3 -2 =< 28 -244=0
a-"2

3

<2d%(a-1)=0< a=1

£ 13,
Area=I (x° =3x+2)dx= | —x" ——x" +2x
-2 4 2 .
L 3 —(4-6-4) L 3okt
4 2 4 2 ,
1, 3,5 .
— k' =k 42k +6 =2k+4
4 2 ,

Lt 3020
4 2

K- 6i2+8=0
(i) sinx=0<x=0,x=n

(i) sinx=-l<x= 3%

3n

2
=i 3n 3n
k= LZ (6+6sinx)dx =[ 6x—6cosx 7> = 6(7] - 6cos(7) —(—6¢c0s0)

k=9n+6

n
translation of {E]
0

the area under g is the same as the shaded region in f

T
==.p=0
p 2P

13=4e"+3 < 13=4+3< A=10

A15)=3.49 < 3.49=10e" +3 < k=-0.201 [accept 1n0'049]

() S =10e""+3
() =106 2% x 0201 = 2.01¢ 201

(i)  f(x) <0, derivative always negative

(iii) y=3

finding limits 3.8953..., 8.6940...

Area = j () = F(x)dx, j M Hex? +12x—24)— (106" 1 3)}dx = 19.5
3.90 3.90

15



59. (a)

(b)

(©)

(d)

(e)

Sx)
(i)  x=-31is the vertical asymptote.
(ii)  x-intercept: x =4.39 (= ¢ - 3)

y-intercept: y =-0.901 (=1In3 - 2)

Sx) = g(x)
x=-134orx=3.05
(i)  See graph

(i) Areaofd= J’;DS (4 —(1- x)z) ~ (In(x +3)—2) dx

(ii1) Areaof 4=10.6

y=Mx) - g(x)
y=5+2x—x2—ln(x+3)
Q=2—2x— !

x+3

: d
Maximum occurs when —y =

1
x+3

2-2x=

5—4x-2x>=0

x=0.871

y=4.63

OR

Vertical distance is the difference f{x) — g(x).
Maximum of f{x) — g(x) occurs at x = 0.871.

The maximum value is 4.63.

16



(b)

©

(d)

y=gx

area AOPQ < area of region A < area of rectangle OSRQ
%(1)(17) < area of region 4 < (p)(1)

g < area of region 4 <p

Solving the equation e 7 e’ +1=0 using a calculator gives
p =10.6937 (4 decimal places)

OR the value of p may be found as follows:

e =’ — 1= e —e” —1=0
o 12V e 112\/3

2

. 2
= e since e/ >0

= This gives p = ln[1 +2\/§J ~ 0.6937 (4 decimal places)

P
Area of region 4 = _[(e"x2 - [ex2 - 1Ddx= 0.467 (using a GDC)
0

17



