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Lesson 22: Volume as a function of . ..

Goals
e  Describe (orally) how a change in the radius of a sphere affects the volume.

e Interpret (orally and in writing) functions that represent the volume of a sphere, cone,
and cylinder, using different representations.

Learning Targets
e [ can compare functions about volume represented in different ways.

Lesson Narrative

The purpose of this optional culminating lesson is to give students more experience
working with non-linear functions that arise out of the work students have been doing with
the volume of cylinders, cones, and spheres. In the first activity, students reason about how
scaling the radius affects the volume of a sphere, similar to their earlier work considering
how volume is affected by changing one or two dimensions of cylinder or cone.

In the second activity, students work with three different functions (represented three
different ways) showing the height of water in three different shapes as a function of the
volume of water. They consider questions such as:

e Which container is largest?
e At what volume of water poured is the height of water in the containers the same?

e  For what range of water volume poured does a particular container have the greatest
height of water?

e How do the representations show the maximum height of each container?

Addressing
e Define, evaluate, and compare functions.

e  Know the formulae for the volumes of cones, cylinders, and spheres and use them to
solve real-world and mathematical problems.

Instructional Routines
e  Stronger and Clearer Each Time

e  Discussion Supports
e Notice and Wonder

. Think Pair Share



Mathematics ©
Education
Innovation

Required Materials

Straightedges

A rigid edge that can be used for drawing line segments. Sometimes a ruler is okay to use as
a straightedge, but sometimes it is preferable to use an unruled straightedge, like a blank
index card.

Required Preparation
Provide access to straightedges for the activity A Cylinder, a Cone, and a Sphere.
Student Learning Goals

Let’s compare water heights in different containers.

22.1 Missing Information?

Warm Up: 5 minutes

In this warm-up, students reason about the volume and dimensions of a cylinder based on
information given about a sphere of the same height. The purpose of this warm-up is for
students to recognise when they do not have enough information to reach a single answer.
While they can determine the height of the cylinder, the radius is completely undefined,
which means the volume of the cylinder could be anything.

Launch
Give students quiet work time followed by a whole-class discussion.
Anticipated Misconceptions

Some students may not understand why the second problem talks about “possible”
volumes if they assume the radius of the cylinder is the same as the sphere. Ask these
students to explain how they found the radius of the cylinder to help them notice that the
problem never gives that information.

Student Task Statement

A cylinder and sphere have the same height.

1. Ifthe sphere has a volume of 36m cubic units, what is the height of the cylinder?

2.  Whatis a possible volume for the cylinder? Be prepared to explain your reasoning.

Student Response
1. 6 units

2. Answers vary. Students could answer anything here as the radius is undetermined.
Knowing the height, though, creates a function with variables V and r. Students just
need to pick an r, and they have a volume that works. Going the other way is
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harder but possible. Teachers can hint here that there is a way to figure out what
number was squared, looking ahead to 8.8.

Activity Synthesis

Ask students to share how they calculated the height of the cylinder. If any students made a
sketch, display these for all to see.

Select at least 5 students to give a possible volume for the cylinder and record these for all
to see. Ask students,

e  “Why do we not know what the volume of the cylinder is?” (We don’t know the radius,
only the height, so the volume could be anything.)

 “Isknowing the height of a sphere enough information to determine the volume?”
(Yes. The volume of a sphere is based on the radius, which is half the height.)

Tell students that in the next activity, they will investigate how changes to the radius of a
sphere changes the volume of the sphere.

22.2 Scaling Volume of a Sphere

Optional: 15 minutes

Building on work in previous lessons where students investigated how changing one or
two dimensions affects the volume of a shape, in this activity, students scale the radius of a
sphere and compare the resulting volumes. They will predict how doubling or halving the
radius of a sphere affects the volume.

Identify students using different reasoning to answer the last question. For example, some
students may calculate the radius of the larger sphere in order to find % of that value to get
to the volume of the smaller sphere while others may reason about the volume formula and
how volume changes when the radius goes from r to ir.

Instructional Routines
e  Stronger and Clearer Each Time

. Think Pair Share
Launch

Arrange students in groups of 2. Give 2-3 minutes of quiet work time to complete the first
problem on their own, then time to discuss their solutions with a partner. Groups then
finish the remaining problems together followed by a whole-group discussion.

Action and Expression: Develop Expression and Communication. Invite students to talk about
their ideas with a partner before writing them down. Display sentence frames to support
students when they explain their ideas. For example, “It looks like...,” “Is it always true
that...?” and “We can agree that...”
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Supports accessibility for: Language; Organisation Writing, Speaking, Representing: Stronger
and Clearer Each Time. Use this routine to give students a structured opportunity to revise
and refine their response to the question, “What happens to the volume of this sphere if its
radius is halved?” Ask each student to meet with 2-3 other partners in a row for feedback.
Provide students with prompts for feedback that will help them to strengthen their ideas
and clarify their language (e.g., “How did you determine it was ___times larger?”, “Why do
you think...?”, and “How does the previous question help us to solve this question?”, etc.).
Students can borrow ideas and language from each partner to strengthen their final
version.

Design Principle(s): Optimise output (for explanation)

Anticipated Misconceptions

Students may not correctly use exponent rules for (2r)3. Students also may need to be
reminded of exponent rules for fractions.

Student Task Statement
1. Fill in the missing volumes in terms of m. Add two more radius and volume pairs of
your choosing.

radius 1 2 3 100 r

N | =
Wl

volume | %
3

a. How does the volume of a sphere with radius 2 cm compare to the volume of a
sphere with radius 1 cm?

. .1
b. How does the volume of a sphere with radius 5 Cm compare to the volume of a
sphere with radius 1 cm?

2. Asphere has a radius of length r.

a. What happens to the volume of this sphere if its radius is doubled?

b. What happens to the volume of this sphere if its radius is halved?

3. Sphere Q has a volume of 500 cm3. Sphere S has a radius g as large as sphere Q. What is
the volume of sphere S?
Student Response

1. Answers vary for the radius and volume pairs of students’ choosing. The rest of the
table should look as follows:
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radius 1 2 3 1 1 100 r
2 3
4 32 1 4 4000 000 4
volume | 25 | 224 | 36w | 24 | Zq 2ars
3 3 6 81 3 3

a. The volume of a sphere with radius 2 is 8 times as large as the volume of a
sphere with radius 1.

b. The volume of a sphere with radius % is % as large as the volume of a sphere with

radius 1.

a. A sphere with two times the radius will have volume V = %n(Zr)3 = 33—2717”3,

which is 8 times larger than the original.

3
b. A sphere with a radius half the original will have IV = gn G) = %nr3, which is

% of the original volume.

3
2. 4 cm3. If the radius is é as large, the volume will be (%) as large, or 515 Therefore,

sphere S will be 500 ( ), or 4 cm3.

L
125
Activity Synthesis

Display the completed table for all to see, and invite groups to share a pair they added to
the table along with their responses to the first two problems.

Select previously identified students to share their responses to the last question. If
students did not reason about the question using the formula for volume of a sphere (that

3
is, by reasoning that if the radius is % as large then v = gn G r) = 515 G nr3)), ask

students to consider their responses to the second part of the second question, but
1.1
replace > with =

22.3 A Cylinder, a Cone, and a Sphere

Optional: 25 minutes

The purpose of this activity is for students to bring together several ideas they have been
working with. In particular: calculating volume and dimensions of round objects,
comparing functions represented in different ways, interpreting the slope of a graph in
context, reasoning about specific function values, and reasoning about when functions have
the same value.

While students are only instructed to add a graph of the cylinder to the given axes, watch
for students who plot the values for the sphere as well and ask to share their graphs during
the Activity Synthesis.
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Instructional Routines

e  Discussion Supports

. Notice and Wonder

Launch

Tell students to close their books or devices and display the graph in the activity for all to
see. Tell students that the graph represents water filling a container.

Tell students that their job is to think of at least one thing they notice and at least one thing
they wonder. Ask students to give a signal when they have noticed or wondered about
something. Give students 1 minute of quiet think time, and then 1 minute to discuss the
things they notice with their partner. Possible responses:

Things students may Notice:

e  The graph is not a linear function.

e The graph is a piecewise function.

e  The maximum height of the function is 6 inches.

Things students may Wonder:

e  What is the shape of the container?

e  What is happening when the height stops at 6 inches?

e Why does the volume increase but the height stay constant on the far right?

Discuss possible responses for questions that students wondered. If not suggested by
students, ask what would happen if you kept pouring water into a container even though
the water level had reached the top. Ensure students understand that the height stops at 6
inches because that is how tall the container is. Any more water poured into the container
at that point just overflows.

Arrange students in groups of 2-3. Provide access to straightedges. Give groups work time
followed by a whole-class discussion.

Action and Expression: Internalise Executive Functions. Chunk this task into more
manageable parts to support students who benefit from support with organisation and
problem solving. For example, present one question at a time.

Supports accessibility for: Organisation; Attention

Anticipated Misconceptions

Watch for students struggling to compare across the different representations and suggest
graphing the points in the table.
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For the fourth question, if students calculate volume of water when the height is 6
inches for each shape, direct them to determine whether there is a time when any of the
containers have the same height and the same volume of water. (Another way to think of
this is an intersection in the graph.)

Student Task Statement

Three containers of the same height were filled with water at the same rate. One container
is a cylinder, one is a cone, and one is a sphere. As they were filled, the relationship
between the volume of water and the height of the water was recorded in different ways,
shown here:
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The maximum volume of water the cylinder can hold is 24m. What is the radius of the
cylinder?

Graph the relationship between the volume of water poured into the cylinder and the
height of water in the cylinder on the same axes as the cone. What does the slope of

this line represent?
Which container can fit the largest volume of water? The smallest?

About how much water does it take for the cylinder and the sphere to have the same
height? The cylinder and the cone? Explain how you know.

For what approximate range of volumes is the height of the water in the cylinder
greater than the height of the water in the cone? Explain how you know.

For what approximate range of volumes is the height of the water in the sphere less
than the height of the water in the cylinder? Explain how you know.

Student Response

1.

2 in. We know the maximum volume of water is 24w in3 and the height of the cylinder
is 6 in since it is the same as the sphere. As such, r = 2 since 24w = nr? - 6 must be

true.

height (in)
D

1/

Y

© 20 40 60 80 100 120
volume (in3)

. L1 . . .
The gradient of the line is o This means that for each volume increase of 1 in3, the

height increases by i in.

The cone can hold the most water since the graph shows approximately 127.23 in3
when the cone is full. The cylinder can hold the smallest amount of water, 24 in3.
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4. Since the data for volume and height of the spherical container is discrete, we can only
say that the volumes and heights must be equal somewhere between the two points at
(8.38,1) and (29.32,2). An approximation between these two points is that when the
volume is about 20 in3, the height is about 1.5 in for both the cylinder and sphere. For
the cylinder and cone, we can see the intersection of the two points on the graph from
problem 2, which occurs approximately when the volume is 58 in3 and the height is 4.5
in.

5. When the volume is between 58 in3 and 125 in3, the height of water in the cylinder is
greater than the height of water in the cone.

6. When the volume is between about 20 in3 (or the data point chosen for the first part of
problem 4) and 113 in3, the height of water in the cylinder is greater than the height of
water in the sphere.

Activity Synthesis

Select previously identified students who graphed the data from the table in order to
complete the problems. Display one or two of these representations for all to see.

Consider asking the following questions:

e “IfI showed you this graph without telling you which function represented each shape,
how could you figure out which one represents the cone, the cylinder, and the sphere?”
(The graph of the cylinder must be linear, since the shape of the container as the water
level rises never changes. The graph of the cone would first fill quickly, but then fill
more slowly as it got wider near the top. (Note: it helps to know the cone is tip down
here.) The graph of the sphere would change partway through, since it would start
fast, slow down toward the middle where the sphere is widest, then speed up again as
the sphere narrows, and the table data, or discrete points, is the only representation
that does that.)

e  “Canyou use the information provided about each function to determine the radius of
the sphere and cone?” (The radius of the sphere is half the height, so the radius is 3 in.
The cone has a volume of 127.23 in3, so we can tell that r? is about 20.25. So the radius
of the cone is about 4.5 in.)

e  “For each of these graphs, is volume a function of height?” (No, when the height
reaches 6 inches, the extra water spills out, so the volume keeps increasing. Therefore,
if height is the input, there are multiple outputs of volume for each graph.)

e  “What could we change in order to make volume a function of height for this
scenario?” (If we stopped pouring when height was 6 inches, there would not be
multiple volumes for one height.)

Speaking: Discussion Supports. Use this routine to support student responses to the
question: “If I showed you the graph (of the cone) without telling you which function
represented each shape, how could you figure out which one represents the cone, the
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cylinder, and the sphere?” Provide students with a sentence frame such as: “ The graph
represents the volume ofthe ___ because . or “The graphofa_____would _____
This will help students produce and make sense of the language needed to reason about the
relationship between volume and height of different shapes.

Design Principle(s): Support sense-making; Optimise output (for justification)
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